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DG CATEGORIES AND EXCEPTIONAL COLLECTIONS 



AGNIESZKA BODZENTA 



Abstract. In |BK Bondal and Kapranov describe how to assign to a full exceptional collection on a variety 
X a DG category C such that the bounded derived category of coherent sheaves on X is equivalent to the 
bounded derived category of C. In this paper we show that the category C has finite dimensional spaces of 
morphisms. We describe how it behaves under mutations and present an algorithm allowing to calculate 
it for full exceptional collections with vanishing Ext fe groups for k > 1. Finally, we use it to describe an 
example of a non-commutative deformation of certain rational surfaces. 



Introduction 

Derived categories of coherent sheaves have been an object of vivid interest since their discovery in 
1960's. Full strong exceptional collections are one of the most important tools used to study them. As 
proved in [B], such a collection on a smooth projective variety X provides an elegant description of the 
Cn| i category D b (Coh(X)) - it is equivalent to a derived category of modules over a quiver with relations. If an 
exceptional collection a is full but not strong the description becomes more complicated. In |BK| Bondal 
and Kapranov prove that in this case the category D b (Coh(X)) is equivalent to a bounded derived category 
of modules over some DG category C a . It follows from the construction that C a has finitely many objects. 

The DG category C a is a full subcategory of an enhancement of D b (Coh(X)) - a DG category C such 
that H°(C) is equivalent to D b (Coh(X)). Lunts and Orlov in [LOJ show that this enhancement is strongly 
unique. Canonically the DG category C is a subcategory of complexes of injective sheaves. Such a description 
suggests that the category C a has infinitely dimensional spaces of morphisms between objects and therefore 
it is inconvenient to work with. 

In this paper, using the theory of categories, we show that C a can be in fact chosen to be finite and 
oriented. It means that one can partially order objects of C a in such a way that there are no nontrivial 
morphisms from C\ to C2 if C2 ^ C\. Furthermore, all spaces of morphisms in C a are finite dimensional. 
Thus, C CT can be graphically presented as a DG quiver - a quiver with grading and differential on arrows. 

The set of full exceptional collections on X admits an action of the braid group. It is given by mutations 
defined in [B|. Using twisted complexes we lift this action to associated DG categories. It allows us to 
describe the category C a for any collection a which can be mutated to a strong one. 

Families of full exceptional collections on rational surfaces have been given in |HP| . Hille and Perling 
also describe how to obtain a tilting object from a full exceptional collection with Ext fe groups vanishing for 
k > 1. Using their idea of universal extensions we can calculate the DG category C a for any full exceptional 
collection a = (£1, . . . ,£„) with Ext fe (£i, £j) = for k > 1. In particular, this condition is satisfied by full 
■ exceptional collections of line bundles on smooth rational surfaces. 

We calculate the category C a for an exceptional collection on P 2 blown up along a subscheme of degree 
two supported at one point. It turns out that finding a triple Massey product of morphisms in this collection 
is the most important part of the whole calculation. 

Full strong exceptional collections have also been used in [AKOJ , [HIJ and [P] to describe non-commutative 
deformations of varieties. Knowledge of the DG categories of not necessarily strong exceptional collections 
can lead to a generalisation of this idea. We present an example of a non-commutative deformation from P 2 
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blown up in two different points to P 2 blown up along a subscheme of degree 2 supported at one point. 

1. Enhanced triangulated categories 

Let us recall definitions and facts about enhanced triangulated categories and exceptional collections after 
0, HE], [BLL] and [K2] , 

Exceptional collections and mutations. Let V be a C-linear triangulated category. An object E 6 V 
is called exceptional if V(E, E) = C and V(E, E[i]) = for i ^ 0. An ordered collection a = (E\, . . . , E n ) of 
exceptional objects is called an exceptional collection if T>{Ei, Ej [k]) — for i > j and all k. An exceptional 
collection a is strong if we also have T>(Ei, Ej [k]) = for k ^ and all i, j. It is full if the smallest strictly 
full subcategory of V containing E%, . . . , E n is equal to T>. 

Let {E, F) be an exceptional pair in V. Then {LeF, E) and (F, RpE) are also exceptional pairs for LeF 
and RpE defined by means of distinguished triangles in T>. 
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L E F -4 Hom v (E, F) ® E ^ F ^ L E F[1], 
E -> Hom v (E,F)* ® F — > -s- £[1]. 

Here, HorriT>(E,F) denotes a complex of C- vector spaces with trivial differential; "Homx>(E, F) — 
0D(£,F[fc]). For an element E e V and a complex V* the tensor product is defined by 

For an exceptional collection a — (Ei, . . . , E n ) the i-th left mutation and the i-th right mutation Ri/j 
are defined by 

Li<r — (Ex, . . . , Ei-i, LiEiEi + i, Ei, E i+2 , E n ), 
Ri& = (Ei, . . . , Ei-i, E i+ i, RE i+1 Ei, E i+2 , ■ ■ ■ , E n ). 
Mutations define an action of the braid group on the set of full exceptional collections. 

Enhanced triangulated categories. 

Definition 1.1. A DG category is a preadditive category C in which abelian groups C(A,B) are endowed 
with a 1,-grading and a differential d of degree one. The composition of morphisms 

C{A,B)®C(B,C) ->C(A,C) 

is a morphism of complexes and for any object C € C the identity morphism idc is a closed morphism of 
degree zero. 

We assume that all DG categories are C - linear. 

For an element x in a graded vector space we will denote by \x\ the grading of x. By C l (A,B) we will 
denote morphisms of degree i. 

A DG category C is ordered if there exists a partial order < on the set of objects such that C(A, B) = 
for B < A. It is finite if the set of objects of C is finite and for any Ci,C 2 6 C the vector space C(Ci, C 2 ) is 
finite dimensional. 

To a DG category C we associate three categories. The graded category C gr is obtained from C by forgetting 
the differentials on morphisms while the homotopy category H(C) has the same objects as C and morphisms 
given by the cohomology groups of morphisms in C A further restriction to the zeroth cohomology gives a 
preadditive category H°(C). 

A morphism s : C — >• C in C is a homotopy equivalence if H(s) is an isomorphism. Then we say that C 
and C are homotopy equivalent. 

A DG functor between two DG categories C and C is an additive functor F : C —> C which preserves the 
grading and differential on morphisms. DG functors between DG categories form a DG category. 

Let F, G : Ci — > C2 be DG functors. To construct a DG category DG-Fun(Ci, C2) we put 
DG-Fun(Ci, C 2 ) k (F,G) to be the set of natural transformations t : F& 1 -> G gr [fc] (i.e. for C £ d we 
have t c G C^(F{C),G(C))). The differential d is defined pointwise; for t c : F(C) -> G[k](C) we have 
(d(t)) c = d{t c ):F(C)^G[k-l]{C). 

The category of contravariant DG functors is denoted by DG-Fun°(C, C). A functor F : C — > C is a 
quasi-isomorphism if H(F) : H(C) H(C') is an isomorphism. 

The category DGVectc of complexes of vector spaces with homogenous morphisms / : V* — > W , f(V l ) C 
W l+k and a differential 

d(ff = dwf i+1 -{-l) m f i+l dv 

is a DG category. 

A right DG module M over a DG category C is an element of DG-Fun°(C, DGVectc). After |K2j we 
define a derived category D(C) as a localization of H° (DG-Fun°(C, DGVectc)) with respect to the class of 
homotopy equivalences. By D h {C) we will denote the subcategory of D(C) formed by compact objects. The 
Yoneda embedding gives a functor h:C^D b (C) which assigns to every C S C a free module he = C(—,C). 

For a DG category C we define the category C of formal shifts. The objects of C are of the form C[n] 
where C e C and n € N. For elements Ci[/s] and C 2 [n] of C we put Rom l £ (Ci[k], C 2 [n]) = Rom^ n - k (Ci,C 2 ). 
For appropriate sign convention see }BLL| . 

Let B, C be objects of a DG category C and let / £ C(B, C) a closed morphism. Assume that B[l] is also 
an object of C; i.e. there exists an object B' and closed morphisms t : B — > B' , t' : B' — > B of degree 1 
and -I respectively such that t't — ids and tt 1 — id^'- An object D € C is called a cone of / if there exist 
morphisms 

B'^—^D—^B', C D — ^C, 

such that 

= 1, sj = 1, si = 0, = 0, ip + js = 1. 
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It is proved in |BLL| that the cone of closed degree zero morphism is uniquely defined up to a DG 
isomorphism. 

One can formally add cones of closed morphisms to a DG category C by considering the category C pre ' tT 
of one-sided twisted complexes over C. 

Definition 1.2. A one-sided twisted complex over a DG category C is an expression (0™ =1 Ci[ri], Qij) where 
Ci 's are objects of C , r% 6 Z, n > and g, j G C 1 (Ci[ri], Cj[rj]) such that qij = for i > j and dq + q 2 = 0. 

One-sided twisted complexes over C form a DG category C pre ~ tr with the morphism space between 
C = (0Cj[rj],g) and C = (0 Cj[r^], q') given by the set of matrices f = (fij), fi, 3 : C^n] -> C'^r'A. 
With a differential defined as 

5(/) = («9/ 4J )+g7-(-l) de9/ /9 
the category C pre ~ tr is a DG category. We will denote its zeroth homotopy category H (C pre ' ir ) by C tr . 

Let C = (0 Ci[ri],q itj ) be an object of C prc_tI . The shift of C is defined as C[l] = (0 C l [r l + 1], -g i;i ). 
The category CP re " tr is closed under formal shifts. 

Let / : C — >• D be a closed morphism of degree in C pre_tr , where C — (0" =1 Ci[r,], qi .j), D = 
(02=1 Di[si],pi t j). The cone of / is a twisted complex G'(f) = (0^™ -^ifeL u *,j)> where 

E _ f Ci for i < n, 
\ A_ n for i > n, 

f Tj + 1 for i < n, 
1 1 St for i > n, 

fq i:j for i,j<n, 

fij-n for i < n < j, 
Pi-n,j-n for i,j>n. 

The convolution functor Tot : (£;pre-tr-pre-tr _^ ^pre-tr establishes a quasi-isomorphism between 
( C pre-tr) P re-tr and C pre-tr_ Let q. - Dj [rj ] , ) be objects of C pre - tr and let C = (0" =1 C^r,],^) be a 

twisted complex in (CP lc - tr )P rc - tr . Then the convolution Tot(C) is equal to (0™ =1 0"l x D) [r] + n], q) k + q %] ). 

The DG category C is pretriangulated if the embedding H (C) — >• C tr is an equivalence. The category 
H°(C) for a pretriangulated category is triangulated. 

A triangulated category I? is enhanced if it has an enhancement - a pretriangulated category C such that 
£> is equivalent to H°(C). 

Recall, that an additive category is Karoubian if every projector splits. The category C tr needs not to be 
Karoubian. As showed in [BLL the category D b (C) is the Karoubization of C tr . 

A standard example of an enhanced triangulated category is the derived category D(A) of an abelian 
category A with enough injectives /. Its enhancement is the category of complexes of injective sheaves 
Kom(I). 

With the above definitions we are ready to state the following theorem. 

Theorem 1.3. [Theorem 1 of [BK ] Let C be a pretriangulated category, E\, . . . ,E n objects of C and C C C 
the full DG subcategory on the objects E^. Then the smallest triangulated subcategory of H (C) containing 
Ex,... ,E n is equivalent to C tr as a triangulated category. 

It follows that a full exceptional collection a — (E%, . . . , E n ) in an enhanced triangulated category T> 
leads to an equivalence of T> and C* r for some DG category C CT . The category C a is a subcategory of the 
enhancement of T> and thus H l (C a (E, F)) = T>(E, F[i]) for any elements E, F of a. 

Remark 1.4. If an enhanced triangulated category T> is Karoubian, a full exceptional collection a leads to 
an equivalence of T> and D h (C a ). 

2. Properties of DG categories associated to full exceptional collections 

From now on let A be a smooth projective variety. Let D b (X) — D b (Coh(X)) denote the bounded derived 
category of the category of coherent sheaves on X. It is an enhanced Karoubian triangulated category - its 
enhancement is given by Kom h (I) - the DG cate gory of complexes of injective sheaves bounded from below 
and with finitely many nonzero coherent cohomology groups. 

Let a = (£ i, . . . , £ n ) be a full exceptional collection of coherent sheaves on X. By Theorem l 1 . 31 there exists 
a DG category C a with objects £i, . . . ,£ n such that D b (X) is equivalent to C l J . As D h (X) is Karoubian the 
same is true about C* r and hence C* r = D b (C a ). As a is an exceptional collection the category H(C a ) is 
ordered and finite. 

As two quasi-isomorphic DG categories have equivalent derived categories, the category C a is determined 
up to a quasi-isomorphism. 
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Remark 2.1. If a DG category C has only zeroth cohomology then it is quasi-isomorphic to H (C) — H°(C). 
Indeed, for &,C 2 £C let C(d,C 2 ) = neZ C n (Ci, G 2 ) with differential 

ag 1 ,o > :C n (Ci,C 3 )-».C n+1 (C 1 ,(7 2 ) 
and let C/ be a DG category such that ob Cj = ob C and 

Cj (C x , C 2 ) = C" (Ci , G 2 ) © karfl^ jCa . 

n<0 

Then the natural inclusion functor Cj — > C is a quasi-isomorphism. Let us also set 

J Cl ,c 2 = Mdal C2 ) ® (0 C"(G X , G 2 )) 

n<0 

for any Gi and G 2 in C and consider the category Cj/j with ob C//j = ob C and 

C//,/(Ci, G 2 ) = C/(Ci, C 2 )/Jc 1 ,c 2 - 

Then Cj/j is isomorphic to H(C) and the natural functor Ci — > Cj/j is a quasi-isomorphism. 

It shows that if a is a strong exceptional collection the DG category C a is quasi-isomorphic to an ordinary 
category. 

Finiteness. As the enhancement of V is Kom (J), calculating the category C a requires taking injective 
resoultions. This suggest that the category C a can have infinitely dimensional morphisms spaces. However, 
it is Aoo-quasi-isomorphic to an ordered DG category with finite-dimensional morphisms between objects. 

Aoo categories. We recall definitions after |K1| and [L-HJ. 

Definition 2.2. An 4^ category A over C consists of 

• objects ob(A), 

• for any two A, B £ ob{A) a Z - graded ^.-vector space A(A, B), 

• for any n > 1 and a sequence Aq, Ax, . . . , A n £ ob(A) a graded map: 

m„ : A{A n _ u A n ) ® . . . <g> A(A , A x ) -> A(A , A n ) 
of degree 2 — n such that for any n 

(-l) r+st m r+1+t (i<P r ® m s ® irf 8 ') = 0. 

Note that when these formulae are applied to elements additional signs appear because of the Koszul sign 
rule: 

(f®g)(x®y) = (-l) lxM f(x)®g(y). 
An Aoo algebra is an Aoo category with one object. 

An Aoo category A is ordered if there exists a partial order < on the set ob(^4) such that A(A, A') = 
for A' < A. It is finite if ob(.A) is a finite set and A(A, A') is finite-dimensional for any A and A' . 

The operation mi gives for any A, B £ ob(.A) a structure of a complex on A(A,B). The homotopy 
category with respect to mi is denoted by H(A). 

The Aoo category is minimal if the operation mi is trivial. 

Any DG category can be regarded as an Aoo category with mi given by the differential, m 2 given by 
composition and trivial mj's for i > 2. 

For any set S there exists an Aoo category CIS 1 }. The objects of CfS 1 } are elements of S and 

mtm/ \ f C if si = s 2 , 
C{5}( S i, S2 ) = | Q otherwise _ 

All operations m n in C{5} are trivial. 

Definition 2.3. A functor of Aoo categories F : A — ► B is a map F$ : ob( A) — > ob(B) and a family of graded 
maps 

F n :A(A n _ 1 ,A n )®...®A(A ,A 1 )^B(F (A ),F {A n )) 
of degree 1 — n such that 

{-l) r+st F r+1+t (id® r ®m s ®id® t )= {-l) p m r (F il ®...®F ir ), 

r+s+t=n ii+...+i r =n 

where p = (r - - 1) + (r - 2)(i 2 - 1) + . . . + 2(i r _ 2 - 1) + (i r _i - 1). 
Composition of functors is given by 



(F o G)„ = ^ F s o (G n ® • ■ • ® G, 



?i+...+2 s — n 
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A functor F : A — > B is called an A^- quasi- isomorphism if F± is a quasi-isomorphism. 

An Aoa category A is strictly unital if for any object A G ob(„4) there exists a morphisms 1a G A(A, A) 
of degree such that for any object A' in A and any morphisms <fi G A(A,A'), rp G .4(j4',A) we have 
7712(0, 1a) = and TO2(1a, VO = 0- Moreover, for n 7^ 2 the operation m„ equals if any of its argument is 
equal to 1a- 

In particular, for any set S the category C{S*} is strictly unital. 

The category A is homologically unital if there exist units for the homotopy category H{A). 
Lefevre-Hasegawa in |L-H| gives a connection between strictly and homologicaly unital categories. 

Proposition 2.4. Minimal homolgically unital Aoa category is A 00 -quasi-isomor r phic to a minimal strictly 
unital Aqo category. 

Remark 2.5. A minimal Aoo category is equal to its homotopy category. Hence, an yloo-quasi-isomorphism 
F given by the above proposition satisfies F\ = id. 

An Aoo category A is augmented if there exists a strict unit preserving functor e : C{ob(„4)} — > A. Then 
A decomposes as A = C{ob(„4)} © A. 

Minimal model. Any Aoq category A is Aoo-quasi-isomorphic to its homotopy category H(A). 

Theorem 2.6. [Kadeishvili [Ka]] If A is an Aoo category, then H(A) admits an Aoo category structure such 
that 

(1) m\ = and mi is induced from m^ and 

(2) there is an A^- quasi-isomorphism A — > H(A) inducing the identity on cohomology. 
Moreover, this structure is unique up to a non unique A^- isomorphism. 

The Aqo category H(A) is called the minimal model of A. 

Remark 2.7. Let C be a DG category. Its minimal model H(C) is Aoc-quasi-isomorphic to a strictly unital 
Aqo category. Indeed, the category C is strictly unital and hence homologically unital. Its homotopy category 
is also homologically unital and Proposition ^. 41 guarantees that there exists a stricly unital minimal category 
^oo-qiiasi-isomorphic to H(C). 

The universal DG category. For any A^ category A there exists a DG category U{A) and an Aoo-quasi- 
isomorphism A — > U(A). To define the category U(A) we need the following definitions (see further [L-HJ). 

Definition 2.8. A DG cocategory B consists of 

• the set of objects Bi S ob{B), 

• for any pair of objects Bi,B,j G ob(B) a complex of C-vector spaces B(Bi,Bj) with a differential d lJ 
of degree one and 

• a coassociative cocomposition - a family of linear maps 

A : B(Bi, Bj) -> B ( B ^ B j) ® B(B U Bj). 

B k eob(B) 

These data have to satisfy the condition 

A o d = (d ® id + id ® d) o A. 
For any set S the A^ category C{S'} is also a DG cocategory. 

A functor $ between DG cocategories B and B' preserves the grading and differentials on morphisms and 
satisfies the condition 

A o $ = ($ ® $) o A. 

A DG cocategory B is counital if it admits a counit - a functor 77 : B — > C{ob(£>)}. The category B 
is coaugmented if it is counital and admits a coaugmentation functor e : C{oh(B)} —> B such that the 
composition r\e is the identity on C{ob(/3)}. 

Let B be a coaugmented DG cocategory.Denote by B a cocategory with the same objects as B and 
morphisms B(Bi, Bj) — ker e. 

For an augemnted Aoo category A one can define its bar DG cocategory j3oo(.A). Recall that as an 
augmented category A can be written as ^4© C{ob(„4)}. Then B OQ (A) = T C (SA) is a tensor cocategory of 
the suspension of A. Here SA denotes the category A with a shift in a morphisms spaces (SA) n (A, A') = 
A n+1 (A, A'). SA is not an A^ category, however the operations m n in A define graded maps of degree 1 in 
SA. 

b n : SA(A n - 1 ,A n )®...®SA(A ,A 1 ) SA(A ,A n ), 
b n = — s o m n o ijj® n , 
where s : V — > SV is a suspension of a graded vector space V and ui — s^ 1 . 
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The cocategory B oc (A) has the same objects as A and 

B 00 (A)(A,A') = SA(A,A')® SA{A\,A') ® SA{A, Ax) 

AteobiA) 

© SA(A 2 ,A')®SA(A 1 ,A 2 )®SA(A,A 1 )®... 

A 1 ,A 2 £ob(A) 

for A ^ A' . In the case A = A' we have 

B DO (>t)(A,A) = l A © 1 S'./t(A,A)e SA{A 1 ,A)®SA(A,A 1 ) 

A 1 eob(A) 

© SA(A 2 ,A)®SA(A 1 ,A 2 )®SA(A,A 1 )®... 

A u A 2 £ob(A) 

where the degree of 1a is zero. To simplify the notation we shall write (a n , . . . , a±) for a n <g> . . . <g> a% . The 
differential in B x (A) is given by 

d(a n , . . . , ati) = 

n n— fe+1 

g g (_l)l a '-il+-+M(a„, . . . a l+k , 6*(a,+ fc -i, . . • , aj). ■ ■ ■ 
fc=i i=i 

for (a„, . . . , «i) 6 i?oc(^l)(A, A'). The cocomposition is given by 
A(a„, . . . ,ai) = 

n-l 

1a' ® (am • ■ • >"i) + K, ■ • ■ ,ai) <g> 1a + • ■ • ,aj+i) ® (a;,. . . 

With these definitions B OQ (A) is an augmented DG cocategory. 

Remark 2.9. Let A be an ordered and finite Aoo category such that A(A, A) = for any object A 6 ob„4. 
Then the DG cocategory B oc (A) also satisfies these conditions; i.e. is ordered, finite and B OQ (A)(A, A) = 
for any object A. 

Analogously, to an augmented DG cocategory B via a cobar construction one can assign a DG category 
f2(B). Let B be a DG cocategory with a differential d and cocomposition A. Its cobar DG category is equal 
to T(S^ 1 B). Here S~ l B denotes the shift of the cocategory B and T(S~ 1 B) is the tensor DG category of it. 
As before the morphisms spaces in T(S~ 1 B) are given by 

Cl(B)(B > B') = S- 1 B{B,B')Q S~ 1 B(Bi,B') ® S^ 1 B(B, Bi) 

SiGob(B) 

Bi,S 2 Sob(B) 

for B j= B' and by 

Q(B){B,B) = 1 B ®S- 1 B(B,B)® S^ 1 B(B 1 , B) <g> S^ 1 B(B, B\) 

BiSob(B) 

© s- 1 ^^,^)®^- 1 ^!,^)^- 1 ^,^!)® ... 

Bi,S 2 eob(B) 

for Is - a morphism in degree zero. The composition in f2(£>) is defined by concatenation and the differential 
d on the morphisms spaces is 

c? = ^l®...(gil<g>(d+A)<g>l®...®l. 

Remark 2.10. If an ordered and finite DG cocategory B satisfies the condition B(B, B) = 0, then the same 
is true about Sl(B). 

For an augmented A^ category A its universal DG category U(A) is defined as ft(B 00 (A)). There is a 
natural map A — > U(A). Lefevre-Hasegawa proves in [L-H] that this map extends to a functor and is an 
Aoo-quasi-isomorphism. Moreover, for an Aoo-quasi-isomorphisms <p the functor U((j>) is a quasi-isomorphism 
of DG categories. 
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A„o modules. 



Definition 2.11. An module over an A^ category A is an A^ functor M : A — > DGVectc- A morphism 
of modules G : M N is given by a family {Ga ■ Mq(A) — > No(A)}AeobA of morphisms in DGVectc such 
that the diagrams 

M (A ) M (A n ) 



Ga 



N Q (A ) »- N (A n ) 

commute for any n £ N ; Ai G obA and cti G A(Ai, j4j + i). 

The category of modules over an category A will be denoted as Mod^ IICt .4,. This notation agrees 
with the notation in |L-H] . 

The morphism G : M — > N of modules is an A^-quasi-isomorphism if Ga is a quasi-isomorphism of 
complexes for any A G ob„4. 

The derived category D oa (A) of an Aoc category A is defined as a localization of the category Mod^ rlct ^4 
with respect to the class of Aoo-quasi-isomorphisms. For Aoo-quasi-isomorphic Aoo categories the derived 
categories are equivalent. 

Remark 2.12 (see |L-H| ). For a DG category C the derived categories D(C) and D^C) are equivalent. 
It follows that for any augmented Aoo category A the derived category D 00(A) is equivalent to the derived 
category of the universal algebra D(U(A)). 

Theorem 2.13. Let C be a DG category with finitely many objects. Assume that H(C) is an ordered and 
finite graded category such that H(C)(C, C) — C for any C G C. Then there exists an ordered and finite DG 
category C such that D(C) is equivalent to D(C). 

Proof. Theorem 12 .61 guarantees existence of a minimal model of C - an category H(C). By remark \2. 71 we 
can assume that H(C) is strictly unital. As H(C)(C, C) = C for any C the category H(C) is an augmented 
oriented Aoo category. We have 

V = D(C a ) = D^H^) = D(U(H(C a )). 
Remarks 12.91 and 12.101 show that the category U(H(C a )) is ordered and finite. □ 

Corollary 2.14. Let X be a smooth projective variety and let a = {Si, . . . , £ n ) be a full exceptional collection 
on X. There exists an oriented, finite DG category C a such that D b (X) is equivalent to D b (C a ). 

Proof. By theorem 11.31 there exists a DG category C a such that D b (X) — D b (C a ). As sheaves . . . , £ n are 
exceptional and the category Coh(A) is Ext-finite, the category C a satisfies conditions of theorem 12.131 and 
there exists a DG category C a such that categories D(C a ) and D(C a ) are equivalent. As D b (C a ) C D(C a ) is 
the subcategory of compact objects it follows that D b (C a ) = D b (C a ). □ 

The category C a is A^-quasi- isomorphic to the category C a and hence H k (C a (£i,£j)) = Ext^(£i, £j). 
To simplify the notation we will denote by C a an ordered finite DG category associated to a full exceptional 
collection a. 

Action of the braid group. We have seen that the braid group acts on the set of exceptional collection. 
This action lifts to associated DG categories. 

Twisted complexes provide a description of the categories Ch ia and Cn ilT by means of C a . To see it we 
need to define a tensor product of a twisted complex with a complex of vector spaces. 

Let C be a finite DG category, C G C pre " tr be a twisted complex and let V be a finite dimensional complex 
of vector spaces with the differential d l : V 1 -> V 1+1 . C <g> V is defined as (0 {i | V * #o} C[-i} mimV \ q id ) G 
^£pre-tr^pre-tr^ j^Qj-phigjug q i i+1 are induced by the differential d l tensored with the identity on C and 
qij = for j ^ i + 1. 

Now, let C,D G C pre " tr be twisted complexes. There exist closed morphisms of degree 

<t> :C <g> Hom C prc-«, (C, D) -> D, 
-> Hornet (C, D)* ® D. 

The morphism <j>i$ : C[— i]® dlm Hom ( C '' D ) — > D is given by morphisms of degree i between C and D; i\) is 
defined analogously. Now we define new twisted complexes over C 

L c D = Tot(C(4>)[-l]), 

R D C = Tot(C(»), 

where C(<j)) denotes the cone of <f>. 
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Let a = (£i,...,£ n ) be a full exceptional collection on a smooth projective variety X and let 
C a be the category described in the theorem 12.131 Let denote by Ei,...,E n objects of C a . We 
define two full subcategories of CP 10 "' 1 '; with objects E u . . . , E h L Ei E i+1 , E i+2 , . . . E n and with 
Ei, . . . , B.E i+1 Ei, Ei + i, . . . , E n . 

Proposition 2.15. Let a = (£\, . . . ,£ n ) be a full exceptional collection on X and let C a be a finite DG 
category with objects E\,...,E n with H k C a (Ei, Ej) = Extx(£i, £j) and such that D b (X) is equivalent to 
D b (C a ). Then the categories C^* and satisfy analogous conditions for the collections LiU and RiO~ 
respectively. 

Proof. As the category C a is finite, mutations of twisted complexes over C a are well defined. Furthermore, 
the category D b (X) is equivalent to C* r . Under this equivalence L£ i £i + i corresponds to F^Fj+i. Hence the 
category C^ 4 is the DG category described by theorem ll.3l By construction it is also finite. □ 

3. Calculating the category C a 
First, let us define universal extensions after [HP . 

Universal extensions. Let E, F be objects of a C-linear abelian category. Note that End(Ext 1 (iJ, F)) = 
Ext^FjF ® Ext 1 (£7, F)*). As id e End(Ext 1 (F, F)) there exists a distinguished element id of 
Ext^F, F ® Ext 1 (F,F)*). 

E - the universal extension of E by F is defined as the extension of E by F ® Ext (F, F)* corresponding 
to id € Ext^F, F ® Ext 1 (F, F)*). E fits into the short exact sequence: 

(1) F® Ext 1 (F,F)* s- E s- E ^0. 

This short exact sequence gives the long exact sequence 

Hom(£, F) ^ Hom(F, F) ^ Hom(F, F) ® Ext 1 (E, F) .... 

It shows that Ext 1 (F,F) = and the groups Ext n (£ l , F) and Ext n (E, F) are isomorphic for n > 1 if 
Ext"(F,F) = for n > 0. 

Moreover, if Ext n (F, E) = for n > 0, Hom(F, F) = C and Ext 9 (F, F) = for q > then the long exact 
sequence 

^ Hom(F, F) ® Ext 1 (F, F)* ^ Hom(F, E) ^ Hom(F, E) ^ . . . 

shows that Hom(F, E) = Ext 1 (E,F)*. 

Thus, if F is exceptional and Ext"(F, E) = for all n, the objects E, F and morphisms between them 
determine E - as a cone of the canonical morphism 

F ® Hom(F, E) E >■ E. 

Assume that (F, F) is an exceptional pair in an enhanced triangulated category with the enhancement C 
and denote by C the DG subcategory of C with objects E and F. Then the cone of the canonical morphism 
F (g> Hom(F, E) — > F in C pre " tr corresponds to F. Hence, as in the case of mutations, knowing the DG 
subcategory of C with objects E and F we can calculate the DG subcategory with objects F and F. 

Theorem 3.1. Let a = {£\, . . . ,£ n ) be a full exceptional collection on a smooth projective variety X such 
that Exr{Ei,Sj) = for k > 1 and any i, j . The DG category C a can be calculated by means of universal 
extensions. 

Proof. Following [HPJ we define £i(l) = £;(2) = ... = £i{i) = £i and for j > i we put £%(j) to be the 
universal extension of £i(j — 1) by £j. 

^ £j ® Ext^t? - 1), £ 3 )* £i(j) £i(j - 1) ^ 0. 

Then T = £i(n) is a tilting object - it generates D b (X) and Ext'(F, F) = for i > 0. Moreover, 

as the £iS are exceptional and there are no morphisms from £j to £i{j — 1), the objects £\{n), . . . ,£ n (n) 
determine fy's. Thus, as described above, the endomorphisms algebra of determines the DG 

structure of the collection (£i ,...,£„). □ 

4. Exceptional collections of line bundles on rational surfaces 
After |HP| we describe full exceptional collections of line bundles on rational surfaces. 
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Construction and mutations. Let X be a rational surface. Then X is a blow up of P 2 or of the Hirzebruch 
surface F a . There is a sequence of blow-ups 

X = X t s~ Xt-i »- ■ • • >■ Xq, 

where ni has an exceptional divisor Ei and Xq is either the projective plane P 2 or the Hirzebruch surface 
F„. 

Let Ri denote preimages of the divisor Ei to X k for k > i. Then Ri, . . . ,R t are mutually orthogonal of 
self intersection -1. 

Full exceptional collections of line bundles on X can be obtained by an augmentation from an exceptional 
collection on Xq. To describe the augmentation we identify a line bundle C on Xi with its pull back via 7Tj's 
and denote them by the same letter. 

Let a = (£i,...,£ s ) be an exceptional collection on Xi. The augmentation of a is 
a' = (£i(i? i+ i) . . . , Ck-i(Ri+i), Ck, Ck{Ri+i),£k+i, ■ ■•&>) ~ an exceptional collection on X i+ \. 

Hille and Perling in [HPJ proved that all the above described collections are full and have no nontrivial 
Ext 2 groups between elements. Moreover, mutations allow to present every one of them in the following 
form. 

Proposition 4.1. Any exceptional collection of line bundles on X obtained via augmentation can be mutated 
to (O, O(Rt), . . . , 0(R\) 1 C\, . . . , C r ) , where (O, C\, . . . , C r ) is an exceptional collection on Xq. 

Proof. As Ox = {^i . . .TTt)*{Oxi) and the line bundle Ox(Ri) is a pullback of OxSEi), the projection 
formula gives 

H*(X,0(Ri)) =Hi{X h O{Ei)) 

W(X, 0(2R l )) = H q (Xi, 0{2E l )) 
H"(X, O(-Ri)) = H«(X u O(-E % )) 

Short exact sequences 

O(-Ri) O Or, *■ 0, 



f C q = 0, 

\ q 0, 

r c g = o,i, 

1 g^0,l, 
= 0. 



O O(Ri) OstiRi) ^ 

show that 

Ext q (0,0a,) 
Ext 9 {0 Ri (Ri),0) 

The collection on X obtained via augmentation is of the form (Ci(R t ), . . . , Ci-\(Rt), A, Ci(Rt), . . . C s ), 
where Cj's are pull backs of line bundles on X t -\. 
Equality 

Rom(Ci,Ci(R t )) = Rom(0,0(R t )) = C 

and the short exact sequence 

-> A -> £i{Rt) ->■ o Rt {R t ) -> 

show that this collection can be mutated to (C\(Rt), . . . , d-x(Rt), Rt (Rt), £+, A+i, . . . C s ). 
Then 

Rom(C k (R t ),0 Rt (R t )) =Rom(0(Rt),0 Rt {R t )) =Rom(0,0 Rt ) = C 
and the exact sequences 

-»■ £ k C k {Rt) -> Rt {R t ) -y 

provide further mutations to (0R t (-Rt), £i, . . . , C s ). 

The collection (Ci,...,C s ) is a pull back of a collection on Xt-i and it again has the form 
(C[(Rt~i),...,C' k _ 1 (Rt-i),jC' k ,C' k (Rt-i) 7 jC' k+1 ,...,C' s _ 1 ) for some k. As before, it can be mutated to 
(A(i2t_i), • • . ,£'^(^-0, O^^iJt-i), £' fc) . . . , and then to (0 Rt _, (R t ^), £[, C'^). 

Continuing, we can mutate the collection on X to (0 Rt (Rt ),-•■, Rl (Ri), O, C\, . . . , C r ). And this 
collection can be mutated to (O, 0(R t ), . . . , 0(R\), C\, . . . , C r ). □ 



/ C q = 0, 

\ g^Q, 

/ C g=l, 

10 g^l. 
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Example. Let X be the blow up of P 2 along the degree 2 subscheme supported at a point xq. The Picard 
group of X is generated by divisors E\ , E2 and H with intersection form given by 



E1E2 



Ei 



-1, H* = l, 



E,H = 0. 



In the notation of the previous section we have 

i?i = Ei + E2 , R2 = E2 ■ 
The collection (O x , Ox(£ 2 ),Ox(£i + E 2 ), O x (H),O x (2H)) is full and exceptional with a quiver 



P 



Ox O x (E 2 ) * Ox(E 1 + E 2 ) 0x(2tf) 

72^ 



«i 

"Si 



with /3 in degree 1 and relations 

£172 = S 2 ^fi, 
S2V = <5 3 7 2 /3a, 
71/3 = 0, 



<5i?7 = <5 3 7i/3a, 
/3a = 0, 
72/S = 0. 



Let Z?2 denote a strict transform of a line on P 2 such that D2 H -E2 7^ 0- The morphism 72 in the above 
quiver is zero along D2 + E2 ■ a has zeros along E2 and j3 - along E\ . These three morphisms are determined 
uniquely up to a constant. On the other hand, 71 is zero along D\ - a strict transform of a line on P 2 such 
that D\ n E\ ^ 0. The divisor Di is not determined uniquely and one can change 71 in the above quiver by 
adding some multiplicity of 72. 

Note that morphisms form Ox to Ox (H) are pull backs of sections of C P 2 (H ) . As the pull back of Xo in 
X is Ei U E2 , a section of Ox (-ff) on X is either zero on both Ei and i?2 (possibly with some multiplicities) 
or it is nonzero on every point of Ei and £2 • Sections having zeros along Ei and E2 are linear combinations 
of 71 /3a and 72 /3a. 

The morphisms 77 in the quiver is any section of Ox(H) which is nonzero on Ei and i?2- Hence, it can 
be changed by adding any linear combination of 7i/3a and 72/3a. 

To obtain the relations given, we note that Kom(Ox,Ox(H)) = Hom(Ox(H),Ox(2H)). Then we put 
Si «-> 7i/3a, c>2 o 72/3a and £3 o 77. 

To sum up, a, /3 and 72 are determined uniquely. Other morphisms can change by 

71 71 + &7 2 
77 ~» 77 + &7i/3a + c7 2 /3a 

for a, 6, c e C. These morphism determine £j's in such a way that the above relations are satisfied. 

In order to calculate the DG quiver of this collection, we have to calculate the endomorphisms algebra of a 
collection (O x ,V, O x {E x + E 2 ),O x (H),O x (2H)}, where V is defined by a non-trivial extension of O x (E 2 ) 
by O x {Ei+E 2 ). 







Ox (Ei 



V ■ 



02 



Ox (£2) 



0. 



The collection of sheaves (Ox, V, Ox(E x + E2), Ox(H), O x (2H)} is no longer exceptional. However, we 
can still draw the quiver of morphisms between objects. Then we can present Ox(E2) as a complex 

{O x (Ei +E 2 ) ®Uom(O x (E 1 + E 2 ),V) -> V} 

and calculate the DG quiver of the collection (O x , O x (E 2 ), O x (E x + E 2 ), O x (H),O x (2H)) 
The quiver of ((O x , V, O x (E x +E 2 ), O x (H), O x (2H)) is 



Si 




Ox(H)^Ox(2H) 



Here ( : Ox — >• V is such a morphism that <p 2 C — a and ii : V — > Ox(H) are such that 1^1 = 7^ Then 

ii4>i(3(j)2( = 71 /3a and t2</H/3</>2C = 72/3a. 
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£, L\ and i 2 are not determined uniquely, they can change by 

C ~> C + <#i/3a, 
i\ ~* ti + e7i^0 2 + /72/302, 
(-2 ~* t 2 + 37i^02 + h"/ 2 (34>2 

for d, . . . ,h G C. 

The obvious relations in this quiver are: 

Moreover, the exact sequence 

-> Hom(O x (i;2),e , x(2 J tf)) Hom(V, O x {2H)) 

-> Hom(O x (£i + O x (2H)) -> 

shows that 

(5it 2 -42^1 e span{(5i7i/30 2 ,'5i72/3'/ , 2, (5272^02, ^37i/3^2, ^372/3'/ > 2}- 
One has to calculate are the compositions ti£ and 12C 

Calculation of Massey products. The short exact sequence 



0- 



■0jc(£i +£2) 



■O x (E 2 ) 







gives ci(V) = -Ei + 2i?2 and C2(V) = 0. Let us consider the short exact sequence 







c 



V ■ 



0. 



Let T <^-> J 7 be the torsion part of J- ' . Then we have the commutative diagram 






^O x 





in which Q is a sheaf of rank 1. Q fits into a short exact sequence 

-)• S -)• y ->• J"/T -> 

with V locally free and .F/T torsion-free. Hence, 5 is torsion-free and it injects into its double dual Q** with 
cokernel T", 

-> 5 -> 5** -> T' -> 0. 

T' is a torsion sheaf and a subsheaf of .F/T, hence T' = and is reflexive. Hartshorne in |Hj proves that 
every reflexive sheaf on a smooth surface is locally free and therefore we obtain that Q = Ox(D) for some 
effective divisor D. The composition of morphisms 

Ox O x (D) V -^U- Ox (E 2 ) 

is equal to (3, so the morphism Ox(D) — > Ox(E 2 ) is nonzero. It follows that D is equal either to or to E 2 . 
If D = E 2 then we would have a splitting 




** Ox{E 1 + E 2 ) — ■*■ V + O x {E 2 ) 



As V is a nontrivial extension of Ox{E 2 ) by Ox{E\ + E 2 ) we get a contradiction. Hence, D — and 
J 7 is a torsion-free sheaf of rank 1. As c 2 (F) = 0, T is a line bundle. C\{J-) = £1 + 2i?2 shows that 
J 7 = Ox{E\ + 2E 2 ). Hence, £ fits into the short exact sequence 

^ Ox V — ^ Ojc(Si + 2£ 2 ) ^ 0. 
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Let d — ker(ij), /Q = coker(ti) and Mi — Im(tj). There are three short exact sequences: 

d > V > Mi 0, 

Mi ^ O x (H) *■ Jd > 0, 

^Ox(E 1 +E 2 ) ^Mi »-0. 

The diagram 



^Ox(E 1 +E 2 ) *Mi *Mi »0 

> O x {Ei + E 2 ) V O x (E 2 ) > 

d d 



gives relations between the Chern classes: 



ci(V) 


= E 1 + 2E 2 = c 1 {d) + c 1 (M i ), 


C2{V) 


= = Cl (d)ci{Mi) + c 2 (Mi), 


H 


= ci(M t ) +ci(JCi), 


c 2 (Ox(H)) 


= = c 1 {M l )c 1 {JCi) + c 2 (Mi) + c 2 {Ki) 


ci(Mi) 


= E 1 +E 2 +c 1 {M i ), 


c 2 (M t ) 


= (E 1 +E 2 )c 1 (Af i )+c 2 (Af i ), 


E 2 


= ci(A) + ci(M), 





= c 1 {d)ci{M i )+c 2 {U i ). 



Diagrams 



5- fCl = 3- JCl 

Ox (E 1 + E 2 ) *■ Ox (H) Dl (H) > 

*~Ox{E! +E 2 ) ^Mi >0 
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^ Ki = > AC 2 



O x (E 1 + E 2 ) ^ O x (H) - Od 2+E2 (H) *■ 



*~Ox(E 1 +E 2 ) *M 2 >N 2 >0 





show that the support of N\ is D\, and the support of N 2 is contained in D 2 U E 2 . 

ICi can be supported on a finite number of points or on the whole D\. In the second case we would get 
that Mi - the image of t\ is equal to Ox{E\ + E 2 ) and hence the sequence 

*- O x {E 1 + E 2 ) -^U- V — ^ O x (E 2 ) 

splits. But V is a nontrivial extension of Ox(E 2 ) by Ox{E\ + E 2 ) so we know that K\ must be supported 
on a finite number of points. Hence, c\(K,\) = and ci(Wi) = D\. 

An analogous argument shows that the support of JC 2 can not be equal to D 2 + E 2 . Hence, ci(JC 2 ) is 
either E 2 , D 2 or and c\(N 2 ) = D 2 , E 2 or D 2 + E 2 . 

The above diagrams give additional relations 

H-E 1 -E 2 = c 1 (M i ) + c l {K, i ), 
= Cl (M)ci(/Q) + c 2 (M) + c 2 (/C 4 ). 

For ti we have: 

Ci(M) = Di, 

ci(/Ci) - Cl (0 Dl (H)) - ci(M) = H-E 1 -E 2 -D 1 , 
d(Mi) =H- ci(/Ci) - £i + £ 2 + Di, 

ci(£i) = £ 2 -ci(M) =E2-D U 
C2{Mx) = - Cl (A)ci(Xi) = 1, 

c 2 (/Q) = -ci(Mi)ci(/Ci) - ca(-Mi) = 0, 

c 2 (M) = c 2 (A1i) - (E 1 + £ 2 ) Cl (M) = o. 

• .Mi = m x ® Ox (Ei + E 2 + Di), where m K is the maximal ideal of functions vanishing at a point 
x e Di, 

• C 1 =O x {E 2 -D 1 ), 

• M = o Dl , 

• JCi = O x (H) ~ X , (because of the exact sequences M\ — > Ou x (H) — > 1C\ and m x ® Ox{E\ + E 2 + 
D\) -> Ox(H) — > O x (H)). 

We want to know whether the composition 



is equal to or 77. 
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£ and i\ fit into a diagram 



Ox >■ m x ® O x (Ei +E 2 + D x ) 



^O 



x 



V ■ 



-^O x (E 1 +2E 2 ) >0 



O x (E 2 -D 1 ) 



O x (E 2 -D 1 ) 





We tensor this diagram with Oe 2 - 

Ox{E\+ E 2 + D\)®Oe 2 — Oe 2 , m x ®OE 2 — Oe 2 &sx E 2 so there exists an epimorphism V\e 2 — > Oe 2 
with kernel Oe 2 {— 1). 





Oe 2 



h\e 2 



— ^o f 



^V\E 2 

C\e 2 V>|i 



Oe 2 {-1) 



Oe 2 (-1) -0 





It follows that V\e 2 = Oe 2 © Ob 2 (— 1) and the composition 

C 



o 



x 



V ■ 



■MS 



O x (H) 



restricted to E 2 is an isomorphism. Hence ti£ does not have zeros along E 2 . Changing i\ if necessary we 
obtain that i\C,=r\. 



For l 2 there are three possibilities 



D 2 , 

ci(7V 2 ) - { E 2 , 



case (A) 
case (B) 
E 2 +D 2 . case (C) 



Hence, 



E x +E 2 + D 2 , case (A) 
ci(M 2 ) = { E 1 + 2E 2 , case (B) 

E x + 2E 2 + D 2 . case (C) 

Ai 2 is a subsheaf of Ox(H) and hence it is of the form Ox(L) <8> Zz, where is an ideal sheaf of a set of 
points Z e D 2 U £ 2 . Then Ci(JW 2 ) = L and c 2 (7W 2 ) = deg(Z) > 0. 
In case (A) we have: 

C 2 = O x (E 2 - D 2 ), N 2 = D2 , ci(M 2 ) = Eh. + E 2 + D 2 , c 2 (M 2 ) = -1. 

The second Chern class of M 2 is negative and it follows that this case cannot happen. 
In case (B) we have: 

£2 = Ox, N 2 = Oe 2 , c 1 (M 2 ) = E 1 +2E 2 , c 2 (M 2 )=0. 

On X we have an inclusion Ox{E\ + E 2 ) ->■ M 2 -> Ox{H). Tensoring with 0d 2 we get Od 2 (E\ + E 2 ) = 
C_d 2 (1) and Od 2 {H) = C_d 2 (1). It follows that M 2 <g> Od 2 modulo torsion is equal to C_d 2 (1). Whereas, in 
this case it equals to Od 2 (2). 
Thus, we are left we case (C): 

C 2 = O x (-D 2 ), M 2 = Od 2+ e 2 , c 1 {M 2 )=E 1 +2E 2 +D 2l c 2 {M 2 ) = 1. 
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We obtain that M 2 = m y ® O x {Ei + 2E 2 + D 2 ) for some y e E 2 UD 2 . If y € D 2 then M 2 <S> On 2 = Od 2 
and there is no epimorphism from V\d 2 = Od 2 (1) ® Od 2 (1) onto Od 2 - So y £ E 2 \ D 2 . 

Thus, we know that 1S zero on a point y £ E 2 . Hence it has zeros along E 2 and one can choose b 2 in 
such a way that b 2 C, = 0. 

To sum up, the collection (not exceptional!) (Ox, V, Ox(Ei + E 2 ), Ox(H), Ox(2H)) has a quiver 



"Ox (E 1 +E 2 ) Ox (H) Ox (2H) 




with relations: 

liC = r\, I3cj) 2 4>i = 0, l 2 ( = 0, 

SiliC = 5 3 Li<f>iP(p2(, S 2 ii( = 5 3 L 2 4>i/3(t) 2 (, 

Sit 2 - S 2 ti e span{Jii,i 4>iP4> 2 , 5iL 2 (j>if3(j> 2 , 5 2 i2(t>il3<f>2, 8 3 ti (fiififa, fo^iy&M- 
Recall that some of the morphisms can be changed: 

7i ~» 71 + &7 2 
f] r\ + b^i/3a + cj 2 f3a, 
( ^ ( + d(f)\(3a, 
ti -w ti + e7i/3<^ 2 + /72/302, 
i 2 -w i 2 + gji/3(j) 2 + hj 2 (34> 2 

and (5i -H> 7i/3a, 5 2 «-> 72/3a, <5 3 ??• 

A change 71 71 + 072 changes (4 to ti + at 2 (because ti^i =71). As also <5i depends on 71 we get 

<5ii 2 - <5 2 ti (<5i + cl8 2 )l 2 - S 2 (l 1 + ai 2 ) = S\L 2 + aS 2 L 2 - S 2 Li - aS 2 i 2 = S\i 2 - S 2 i\ 

and hence the parameter a has no influence on the relation between 8\l 2 and 8 2 i\. 
As we want t 2 C — the calculations 

(i 2 + 91iP4> 2 + hj 2 /3<f) 2 )(( + dcf>i(3a) = l 2 ( + (d + h)j 2 /3a + yyi(3a 

show that g must be and h can be arbitrary, as putting d = —h will not lead to any changes in this relation. 

The morphism i] — ii( can be changed by any combination of 71 /3a and j 2 f3a so there is no condition on 
e and /. 

Calculating 

81(12 + h-f 2 fi(j) 2 ) - 62(11 + eji/3(j) 2 + fj 2 /3(j) 2 ) = 5ii 2 - 8 2 ii + (h - e)8ij 2 /3(j) 2 - fS 2 -f 2 (i(j) 2 
we see that e and / can be chosen in such a way that 

5ii 2 - 5 2 ii = A8iLi<j>il3(j> 2 + BS 3 L 1 <p 1 f3<p 2 + C8 3 L 2 4>il3(j) 2 . 
Furthermore, the relation 8 3 i 2 (f>i(3(f> 2 ( — S 2 ti( gives 

= <5 3 /, 2 0i/3(?!)2C ~ <>2ii( = S 3 i2<t>iP<t>2C - S1I2C + ASmfaPfcC + S<5 3 /,i0i/30 2 C 
+C8 3 l 2 4>iP4> 2 C = ASmfapfoC + BS 3 iKt>ij3(t>2( + (C + I)<5 3 t20i/30 2 C 

and leads to A = = B and C = — 1 due to linear independence of SiLifaP&C, 8 3 ii(j)i(3(f> 2 ( and S 3 i 2 4>i(3(f) 2 (. 
Note, that the relation 6it 2 + S 3 L 2 (j)i(3<j) 2 = 5 2 Li composed with ( gives 8 3 i 2 <pil34> 2 C, — 8 2 iiC,- 
Hence, relations in the above quiver are: 

L 2 ( = 0, /30201 = 0, 

5iiiC = 8 3 Li(t>i(3(/) 2 C, Sit 2 + 5 3 L2<f>iP4>2 = 8 2 ii. 

The collection (O x , O x (E 2 ),O x (Ei + E 2 ), O x (H), O x (2H)} has the DG quiver of the collection 

O x (Ei+E 2 ) 

(Ox, |*i O x (Ei+E 2 ), O x (H), O x (2H)) 

V 
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Morphisms from Ox to Ox{E 2 ) have basis 

O x (E 1 +E 2 ) 



ai = 




O x {E 1 +E 2 ) 



«2 



Ox * V 



O x {E 1 +E 2 ) 



Ox 



V 



with d{a\) = a 2 . 

Morphisms from Ox(E 2 ) to Ox(E\ + E 2 ) have basis: 

OxiEx+E^ 



O x {Ex+E 2 ) 




Ox{E x +E 2 ) 



with 61 in degree 1. 

Morphisms from O x (E 2 ) to O x {H) are 

OxiEi+E^ 



Cl 



C2 



V 



O x {H) 



V ■ 



2 -^Ox(E 1 +E 2 ) 



Ox (Ei + E 2 




O x {H) 



C3 



Ox(E Y +E 2 ) 



V L 2hE^O x (H) 



c 4 



O x (E x +E 2 ) 



V - 



O x {H) 



C5 = 



O x {Ex+Ei) 




O x (H) 



C6 = 



O x (E x +E 2 ) 



V ■ 



6i,30 2 



O x (H) 



with d(ci) = c 2 and 8(04) — C5. 

Morphisms from Ox(E 2 ) to Ox{2H) factor through Ox(H) so can be written as SiCj. 
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Relations between these morphisms are 



ha 3 


= 0, 




= /?02C, 




= C 2 , 




= C 3 , 


(-201&1 


= C5, 




= c 6 , 


0(ci) 


= tl</»l&l, 


9(c 4 ) 




cia 3 


= nC> 


c 4 a 3 


= 0, 




= <53t20i6 2 a 3 , 


<5ic 4 


= <5 2 ci 



<5icia 3 = 5 3 ti0i6 2 a 3 , 



<5ic 4 + <5 3 C6 = <5 2 ci. 



Putting a = a 3 , /3 — b 2 , P = &i, 7i = ti<^i, 72 = *-2<^2, ei = ci and e 2 = c 4 we obtain the following DG 
quiver 



Si 



Ox + O x (E 2 ) % Ox(E 1 + E 2 ) 




O x (H) 



O x (2H) 



with relations and differentials given by 

d(ei) = lift, d(e 2 ) = 72/9, 

<5i72 = <^27i7 S 2 €ia = S 3 j 2 [3a, 



e 2 a = 0, 

£>l£2 + <$372/3 = 5 2 €\. 



Remark 4.2. In this case, in order to find the DG category associated to an exceptional collection one has 
to calculate triple Massey product of morphisms between its elements. 

5. NON- COMMUTATIVE DEFORMATION 

As in the above example let X be the blow up of P 2 along the degree 2 subscheme supported at a point 
Xo and let Y be the blow up of P 2 along two different points Xo and x\. 

The Picard group of X is generated by divisors E\ , E 2 and Hx while the Picard group of Y - by divisors 
F x , F 2 and H Y . 

Let X — > P 1 be the deformation space of Y to X. There exists divisors D , D\ and D 2 on X such that 



D. 



0\{tyiO} 



Hy 



A)|{t=o} = Hx, 

Di\{t=o} = Ei + E 2 , Di\{ tji0 y = Fi, 

D 2 \{t=o} = E 2 , D 2 \{ t ^ = F 2 . 
Thus, there exists a collection a — {C\, . . . , £5} on A" such that 

<r|{ t =o} = (Ox,Ox(E 2 ),Ox(E 1 +E 2 ),Ox(Hx),Ox(2H x )), 
<r\ { t?o} = (Oy,Oy{F 2 ),Oy(F 1 ),Oy(H y ),O y (2H y )) 

Theorem 5.1. There exists a non-commutative deformation of Yto X - a deformation of a DG 
category of the collection (0 Y ,0 Y (F 2 ),0 Y (Fi),0 Y (H Y ),0 Y (2H Y )) to a DG category of the collection 
(Ox,O x (E 2 ), O x {Ex + E 2 ),Ox(H x ), O x (2H x )}. 

Proof. Let t 6 P 1 be a parameter and let us consider a DG quiver A(t) 




«2 

1 ] \\ *1 



t>2 - 

• — 3 — >" • 

"3 




with (3 in degree 1, differentials 



and relations 



e 2 a = 0, 
#172 = $271 1 



d/3 = t(3, did) = 7l 0, d(e 2 ) = l2 f3 

j3a — 0, 5\€\a — <5 3 7i/3a, 

S\e 2 + S 3 j 2 f3 = S 2 ei + tS 3 e 2 . 



Let D(t) denote the DG algebra of paths of this DG quiver. 

For t = 0, A(t) is the DG quiver of the collection (O x , O x {E 2 ),O x (Ei + E 2 ), O x (H x ),Ox(2H x )). 
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For t ^ 0, D(t) has cohomology groups concentrated in degree and hence is quasi-isomorphic to the 
path algebra of the following quiver 




where 

r) = /3a, ei(t) = jx/3 - tex, 

ea(*)=7SJ/9-*ca, S 3 (t) = Si - tS 3 . 
Relations between morphisms are: 

^172 = #271; 

e 2 (i)a = 72/3a - tt 2 a = 7277, 

faei(t) = <^27i^ - t5 2 ei = 5i72/8 - t(Sie 2 + S 3 ^/ 2 /3 - tS 3 e 2 ) 
= {S 1 -tS 3 ){y 2 /3-te 2 ) = S 3 {t)e 2 (t). 

As ei = 7(71/3 — ei(t)) and = j(<5i — ^s(*)) the relation 5ie\a — S 3 j\(3a can be written as: 

= S^p - £l (t))a - (Si - 5 3 {t))^r] 

= Sijirj - Siei{t)a - <5i7i?? + S 3 (t)ji r\ = S 3 {t)~ar\ - <5iei(i)<x 

Hence, for t ^ the quiver A(t) is quasi-isomorphic (its DG path algebra is quasi-isomorphic) to (the path 
algebra of) the quiver 




with relations 

#i72 = £271 j <he 2 = 5 2 ei, 

e 2 a = ^ 2 rj, S 3 -fi?j — Siiioe. 

This is the quiver with relations of a collection (O y ,O y (F 2 ), Oy(Fi), O y (H y ), O y (2H y )) on Y. □ 

Note that if we denote by L,; — Z(Si) then xq € L%, x\ £ L 3 and both xq and xi lie on L 2 . The described 
deformation does not influence neither L\, L 2 nor xo. For t ^ 0, let Ls(i) = .^(^(i)) and xi(i) = L\ DL 3 (t). 
Then as t goes to the point x\{t) goes to xq along the fixed line L 2 and L 3 (t) is approaching L±. 

Acknowledgements The author is greatly indebted to prof. Alexey Bondal for the introduction to the 
problem and many fruitful discussions and to prof. Adrian Langer for drawing the author's attention the 
paper [HPJ and a lot of help with the computations. 

References 

[AKO] D. Auroux, L. Katzarkov, D. Orlov, Mirror symmetry for del Pezzo surfaces: vanishing cycles and coherent sheaves, 

Invent. Math. 166 (2006), no. 3, 537-582. 
[B] A. Bondal, Representations of associative algebras and coherent sheaves, Math. USSR Izviestiya, 34(1) (1990), 23-42. 
[BK] A. Bondal, M. Kapranov, Enhanced triangulated categories, Mat. Sb. 181 (1990), no. 5, 669—683; translation in Math. 

USSR-Sb. 70 (1991), no. 1, 93-107. 
[BLL] A. Bondal, M. Larsen, V. Lunts, Grothendieck ring of pretriangulated categories, Int. Math. Res. Not. 2004, no. 29, 

1461-1495. 

[H] R. Hartshorne, Stable reflexive sheaves, Math. Ann., 254 (1980), 121-176. 

[HI] A. Hochenegger, N. Ilten, Exceptional seguences on rational <C* - surfaces., 1106.4743vl, 2011, to appear in Manuscripta 
Mathematica. 

[HP] L. Hille, M. Perling, Tilting bundles on rational surfaces and quasi-hereditary algebras, arXiv:1110.5843, 2011. 
[Ka] T. V. Kadeishvili, The algebraic structure in the homology of an A(oo)-algebra (Russian), Soobshch. Akad. Nauk Gruzin. 
SSR 108 (1982), 249-252. 

[Kl] B. Keller, A-infinity algebras, modules and functor categories, Trends in representation theory of algebras and related 

topics, 67-93, Contemp. Math., 406, Amer. Math. Soc, Providence, RI, 2006. 
[K2] B. Keller, Deriving DG categories, Ann. Scient. Ec. Norm. Sup. 27 (1994), 63 - 102. 



DG CATEGORIES AND EXCEPTIONAL COLLECTIONS 



1!) 



[L-H] K. Lefevre-Hasegawa, Sur les A-infini categories, These de doctorat, Universite Denis Diderot, 2003. 
[LO] V. Lunts, D. Orlov, Uniqueness of enhancement for triangulated categories, J. Amer. Math. Soc. 23 (2010), no. 3, 853—908. 
[P] M. Perling, Examples for exceptional sequences of invertible sheaves on rational surfaces, Geometric Methods in 
Representation Theory II, Seminaire et Congres 25 (2010), 369-389. 

Faculty of Mathematics, Informatics and Mechanics, University of Warsaw, Banacha 2, 02-097 Warsaw, 
Poland 

E-mail address: a. bodzenta<Smimuw.edu. pi 



